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Arata - Ascoli

Theorem

Th m

EE
( Cta . b) tilts ) is pre  compact ⇒ E is bounded and equi continuous

( pre  opt ) ( bdd ) C e quiets )

Application  to Sequences : given Cfn ) E C Ia , b )
,

E :  = { Fn IneIN E Cca  is ]
C as  a  Seg . ) ( as  a  set )

Cor I

HE
is bdd and quiets

,

then ( Tn ) has  a  

co@nyu.ergyuftseg.gub

sequence

An  application of Corollary I : Compact operator

Def Let l X
,
H . Hx) .LY , Hally ) be normed spaces ,

a linear
map T : X → Y

is compact if tf B E X :

bdd
subset

.

TBIEY is pre cpt .

( Cpt )

Equivalently : tf I xn ) EX : bdd seq ,
( Tx n ) E Y has  a  cow .  sub

seg .

Cor 2 (X
, Hlf) = ( Cta

,
b ]

,
Hall ) w/ arbitrary norm

It - It
,

( Y
,HID ,

= ( Cta . b)
, Hello )

It Ven )Ekta, b ]
,

It . H ) : bdd
,

{ THECha, b ]
,

Hell
.
) is bdd and e quiets

then T : Cta , b) → Cta  is ] is Cpt .

Pf : The result follows  from Cor I
.
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Q1 ) I Hmo
,

Qb ) Define T : Cto
, 1) → CEO

,
I ] by

TH
) Cx ) :  = Sjfthdt

(a) Show that T : ( CEO , 23

.lt/ks)-fCEoiH.lHks

) is  opt

(b)Show that T : ( CEO ,23,11111,
→ ( CEO , 23

,
Halles) is  opt

Sol ) (a) Given Hn ) E ( CEO ,13,1111 as
) bdd

,
IM > O s 't .

Hfnllas EM
,

V n EIN

lil I ThisEkta 13.11.11
.
) is bdd : tf n c- IN

,
V-xe-LO.LI

,

I # that

=/ fifth dt Is

Htnltdx
- o ) EM

,
c

'

.

HTT
nHIM,

An EIN
.

( Ii ) { Tfn } is  e quiets
: showing f This satisfies  a uniform Lipschitz condition !

✓ Xi  y E  EO , I ] I WLOG  xsy )
,

V n EIN
,

I Tfnlx ) - Tfnlyll = IS! fnltldt I

E Hfnllaslx - YI E M Ix - yl

.

'

. By Cor 2
,

T is  opt .



(b)
Given Hn ) E ( CEO ,

13,11112

) bdd
,

It K > O sit .

Hfnlli
= Sjlfnhtdt

EK
.

In EIN

lil I ThisE l CEO , 13.11.11
.
) is bdd : tf n c- IN

,
Vx E  to

, D
,

Htnlxs

#
Sitnthdtl

ES'oHnHNHdt
E (

Sitsnthtttfsjltildtfsk
iHT-snkgfk.tn#jh.-schworzineg.s

Iii ) { Tfn ) is  e quiets
: showing f This satisfies  a uniform Holder condition !

✓ X.  y E  TO , I ] I WLOG  xsy )
,

V n EIN
,

I Tfnlx ) - Tfnlyll = IS! fnthdt I

E SI Hitt Ndt E (Sj Huitt 'dTHIS !

Ndt
)

'

Ekflx
-yl

'

( Cavalry - Schwarz  Meg .
)

:
. By Cor 2

, T is  opt .
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Q2 ) l HW 10
,

Q 8) Fix Kcx ,  y ) E C ( Ea . Hila .
b ] )

,

V-ftc-a.is
,

define

the integral transform TT :[ ai b ] → IR by LTT ) Cx ) -

-

fab Klxiytflyldy

(a) Show that T defines  a linear operator T : Cla
.

b) → Cta .
b ]

.

(b) Show  that T : @Ia.b3.ll.llD-slCta.b )
,

Hulks) is  opt .

Sol ) I a) Showing Tf E Cta , b ] : HE > O
, by uniform  city of K

.

7- 870
s . t . V  X. x' E  E a. b ] w/ Ix - x

'

Is 8.

HYE
 Tais ]

,

I kcx .
 y ) - KCX '

.
 yik E

.

'

.

I Tflxs - Tflx 'll = I fab l Klay ) - Kai
,  y

) ) #dy I E E . It Has I b - a)

Linearity of T follows  from the linearity of integration .

(b) Given

tfnIE@Ea.b3.llllDbdd.7M30sEHfnHasEM.V-nEINlitlTfn3ElCEa.b]
,

11.11
.
) is bdd : tf n c- IN

,
VxEta ,H ,

I # n ) HH

=/ fab Kcxylfnlyldy Is Ilkka Htnlhslb - a) E 11141
.

Mlb -

a )

Iii ) { Tfn ) is  e quiets : Under same  notations  as  in la )
,

7- S > O
.

Vn HN
,

I Tfnlx ) - Tfnkx'll E E .
HfnllosI b - a) E E Mlb - a )

:
. By Cor 2

,
T is  opt .  
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Q 3) I HW 10
,

Q 4) Let E
-

- H
, ,

.
. .

, -5N ) E Cla . b) be a finite  set
,

show  that E is bdd and e quiets .

Sol

2)
By definition : IN E is bdd :

Let M :  = TEEN { Hfi Has )
.

then tf  Isi  EN
,

I Hills EM

(2) E is  equi as ifE > O
,

since tf I E i EN
,

Ti  is  uniformly Cts
.

7- Si > O set . V  X
,  Y E  

Ea , b ] w/ IX -

y K Si
,

I find - fi HIKE

Let S := Meinen Si ,
then V  x.  y

E Laid w/ lx-yks.tt I EN
,

I Sik ) - fi ly ) ICE - FA

Sol 2)By Thru
, suffices to show E is precept

i

V n ) E E
,

since E is  finite
.

( gu) contain  a  subsequence 19ha)

of the form Gma  =  fi
,

7 KIEN
,

tf k EIN

.

'

- me) converges uniformly to  fi
,

hence is convergent in l Claim
, Allo )
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